String Universality and Non-Simply-Connected Gauge Groups in 8d by Cvetic, Mirjam et al.
ar
X
iv
:2
00
8.
10
60
5v
1 
 [h
ep
-th
]  
24
 A
ug
 20
20
CERN-TH-2020-138, UPR-1306-T
String Universality and Non-Simply-Connected Gauge Groups in 8d
Mirjam Cveticˇ,1, 2 Markus Dierigl,1 Ling Lin,3 and Hao Y. Zhang1
1Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104-6396, USA
2Center for Applied Mathematics and Theoretical Physics, University of Maribor, Maribor, Slovenia
3Department of Theoretical Physics, CERN, 1211 Geneva 23, Switzerland
Utilizing the interplay between Z 1-form center symmetries and gauge transformation of higher-form
fields, we present a consistency condition for 8d N = 1 supergravity theories with non-trivial global
structure G/Z for the non-Abelian gauge group. This identifies the majority of combinations (G,Z),
which have no string theory realization, as inconsistent quantum theories when coupled to gravity.
This condition is shown to be equivalent to known constraints for Mordell–Weil torsion on K3
surfaces, providing a physical explanation for gauge groups observed in F-theory compactifications.
I. INTRODUCTION
One of the important lessons from string theory is that
consistency conditions of quantum gravity are highly re-
strictive. In the low energy limit, they result in a small
and (up to deformations) possibly finite subset of effec-
tive descriptions, leaving behind a vast “Swampland” of
seemingly consistent quantum field theories coupled to
gravity [1]. Recent attempts to specify the Swampland’s
boundary (cf. [2] for reviews) have since reinforced the
idea of String Universality: every consistent quantum-
gravitational theory is in the string landscape.
In this work, we address an important characteriz-
ing feature of supergravity theories, namely the global
structure of their gauge group. By deriving a field theo-
retic consistency condition for a gauge group to take the
form G/Z, we rule out many seemingly acceptable eight-
dimensional (8d) N = 1 supergravity theories without
known string constructions as consistent quantum grav-
ity theories, thus providing strong evidence for String
Universality in 8d.
The prototypical examples of string universality are in
eleven and ten dimensions, where the low energy limits
of M- and string theory give rise to the only consistent
supergravity theories in the respective dimensions. In
ten dimensions, this requires more subtle field theoretic
arguments [3], or incorporating extended dynamical ob-
jects of the theory [4], to “drain” the 10d supergravity
Swampland.
In lower dimensions, one observes a broader spectrum
of string-derived supergravity theories, but nevertheless
with some intricate structures not naively expected from
field theory considerations. For example, the rank rG
of the gauge group in known string compactifications is
bounded by rG ≤ 26 − d in d dimensions, and satisfies
rG ≡ 1 mod 8 and rG ≡ 2 mod 8, respectively, in d = 9
and d = 8, respectively. Likewise, not all gauge algebras
have string realizations. In particular, being relevant to
our discussion, there are no string compactifications to 8d
with so(2n+1) (n ≥ 3), f4 and g2. Again, novel Swamp-
land constraints [5, 6] and refined anomaly arguments [7]
reproduce these restriction, and therefore downsizes the
9d and 8d Swampland considerably.1
The goal of this work is to provide similar constraints
for the global structure of the gauge group of 8dN = 1 su-
pergravity theories. Taking inspiration from F-theory [8],
where the global gauge group structure is encoded in the
Mordell–Weil group of the elliptically fibered compacti-
fication space [9–11], it appears that the allowed gauge
groups G/Z, with Z ⊂ Z(G) a discrete subgroup of the
center of G, are heavily restricted. For example, there are
no 8d string compactifications, including non-F-theoretic
constructions, that have gauge group SU(n)/Zn, whereas
models with SU(n) gauge group are straightforwardly
constructed in F-theory.
These restrictions are mathematically well-known from
the classification of elliptic K3 surfaces [12, 13] (see also
[14]). Focusing on G a simply-connected non-Abelian Lie
group2, the geometry bounds the size of Z, e.g., when
Z ∼= Zℓ, then ℓ ≤ 8. Moreover, for each of the cases
ℓ = 7, 8, there is exactly one elliptic K3 on which F-
theory compactifies to SU(7)3/Z7 and [SU(8)
2×SU(4)×
SU(2)]/Z8, respectively.
A natural question is then, whether these geometric
restrictions reflect limitations of string theory, or previ-
ously unknown consistency conditions of quantum grav-
ity in 8d.
In this work, we show that the latter is the case. The
key is to realize a non-simply connected group G/Z by
gauging a Z 1-form symmetry [15]. Then, the above
restrictions can be understood as requiring the absence
of certain anomalies that would obstruct this gauging.
Turning tables around, charting the Swampland of gauge
groups G/Z (in any dimension) can be equivalently tack-
led by studying consistency conditions for gauged Z 1-
form symmetries in gravitational theories. As we will
discuss below, in 8d N = 1 theories, one such condition
1 As g2 does not suffer similar anomalies, it remains an open ques-
tion if it truly belongs to the 8d Swampland.
2 More precisely, the most general gauge group is G×U(1)
r
Z×Zf
, with
Z ⊂ Z(G), i.e., Z ∩ U(1)r = {1}. In this work we consider con-
straints for Z exclusively, leaving a more detailed study including
Zf ⊂ Z(G×U(1)
r) ∼= Z(G)×U(1)r , based on [11], for the future.
2is the absence of a mixed anomaly involving center 1-form
symmetries.
The anomaly originates from a generalization of the fa-
miliar θ-term, θTr(F 2), in 4d. There, the fractional shift
of the instanton density Tr(F 2), due the presence of a
background field for the Z 1-form symmetry, breaks the
2π-periodicity of θ [15–18]. In higher dimensions, Tr(F 2)
can now couple to higher-form fields (e.g., to vector fields
in 5d and tensors in 6d), which themselves enjoy gauge
symmetries. These can now lead to mixed anomalies be-
tween these (continuous) symmetries and the Z 1-form
symmetry [19, 20].3
The analogous coupling in 8d would be B4 ∧ Tr(F 2),
where B4 is a 4-form field that can be viewed as the gauge
field for a 3-form U(1) symmetry. Crucially, while this
term is absent in a pure 8d supersymmetric gauge the-
ory (as there are no appropriate fields B4 in the N = 1
vector multiplet), this coupling necessarily exists if one
includes a gravity multiplet, which contains a 2-tensor
B2 that is dual to B4 [23]. Since the U(1) 3-form sym-
metry of B4 must be gauged for a consistent supergravity
theory, a mixed anomaly involving a Z 1-form symme-
try obstructs the gauging of the latter. The vanishing of
this anomaly is therefore a necessary condition to gauge
(part of) the center symmetry to obtain a non-simply
connected gauge group G/Z. Remarkably, this condition
turns out to be structurally the same as geometric prop-
erties of elliptic K3 manifolds! In particular, it heavily
constrains possible combinations of simply-connected G
and Z ⊂ Z(G), consistent with known string construc-
tions in 8d. Using this condition, we can consequently
“drain” large portions of the 8d Swampland.
In the following, we will outline in section II key geo-
metrical facts about the global gauge group structure in
F-theory, and how in 8d it is constrained through proper-
ties of elliptic K3s. The more field-theoretically inclined
reader can safely move directly to section III, where we
will elaborate on the anomaly that provides the physical
counterpart to these constraints. Crucially, these con-
straints are also compatible with non-F-theoretic con-
structions. In section IV, we will discuss outliers that
hint at further, more subtle constraints, whose quantifi-
cation poses interesting open problems.
II. MORDELL–WEIL TORSION AND THE
GAUGE GROUP IN F-THEORY
A broad class of 8d N = 1 supergravity theories arise
from F-theory compactified on elliptic K3 surfaces. We
refer to reviews [24–26] for broader introduction to the
relevant background material, and focus in the follow-
ing on two aspects key to the present discussion. First,
3 See also [21] for recent treatments of higher-form symmetries in
higher-dimensional setups and [22] for an analysis of the global
gauge group in 6d SCFTs.
the non-Abelian gauge algebras gi (associated to simply-
connected groups Gi) are captured by reducible Kodaira-
fibers of ADE-type gi [8]. Second, the global structure
of the gauge group, [
∏
iGi]/Z, is determined by the
torsional part Z of the Mordell–Weil group of sections
[9] (see especially [26] for a pedagogical introduction for
this).4
In general, the notation G/Z requires a specification
of the subgroup Z ⊂ Z(G) =
∏
i Z(Gi) of the full center
Z(G). In F-theory, this is determined by the intersection
pattern between the generating sections of the Mordell–
Weil group and the components of the gi-Kodaira fiber
that form the affine Dynkin diagram of gi [10, 11].
For definiteness, we restrict ourselves to compactifica-
tions with gi = suni , i = 1, ..., s, realized by K3 surfaces
with only Ini fibers.
5 Each reducible Ini fiber consists
of ni irreducible components that form a loop, reflecting
the structure of the affine suni Dynkin diagram. Starting
with the affine node (determined by the intersection with
the zero-section) we label the components by 0, ..., ni− 1
as we go around the loop of the i-th fiber. Then, an ℓ-
torsional section τ is uniquely characterized by the tuple
(k1, ..., ks) which labels the ki-th component in the i-th
fiber met by τ [12]. Moreover, one has kiℓ ≡ 0 mod ni.
As explained in [10, 11], τ = (k1, ..., ks) corre-
sponds precisely to the element (k1, ..., ks) ∈
∏
i Zni =
Z(
∏
i SU(ni)), which is of order ℓ. This element acts
trivially on all matter states of the F-theory compactifica-
tion, hence giving rise to the gauge group G/〈τ〉 ∼= G/Zℓ.
The allowed combinations of G and Zℓ is heavily con-
strained geometrically by the following fact pertaining
to intersection patterns between torsional sections and
fiber components. For a K3 X with only Ini fibers,
the non-affine components of each fiber span a sublat-
tice R ⊂ H2(X,Z) with rank(R) ≤ 18. Then, one can
associate to R a so-called discriminant-form group [12]
GR ∼= Zn1 × ...× Zns . (1)
This group inherits from the lattice structure ofH2(X,Z)
a quadratic form
q : GR → Q/Z , (x1, ..., xs) 7→
s∑
i=1
1− ni
2ni
x2i mod Z .
(2)
Notice that GR =
∏s
i=1 Z(SU(ni)) = Z(G). Then, by
regarding a torsional section τ = (k1, ..., ks) as an element
of GR, it can be shown [12] that
q(k1, ..., ks) =
s∑
i=1
1− ni
2ni
k2i ≡ 0 mod Z. (3)
4 To be precise, in the notation of footnote 2, the torsional part
of the Mordell–Weil group is isomorphic to Z [9], which is the
factor of the center that we will focus on in this work.
5 If ni = 1, the fiber is singular but irreducible, and contributes
no gauge factor. They will play no role for our discussion.
3This constraint is particularly powerful when ℓ is the
power of a prime number. For such ℓ ≥ 9, one can
quickly show that there are no possible sets {(ni, ki)}
satisfying (3) and
∑
i(ni − 1) ≤ 18 (corresponding to
rank(R) = rank(G) ≤ 18). For ℓ = 7, there is ex-
actly one configuration of fibers, namely three I7’s, and
τ = (1, 2, 3), in accordance with the classification of
K3s. Likewise, this condition only allows, in the case
ℓ = 8 = 23, for the fiber configuration {I8, I8, I4, I2} and
τ = (1, 3, 1, 1).6 Furthermore, if we also take into ac-
count another geometric property of K3s with only Ini
fibers — namely that there is always one Inj fiber with
ℓ a divisor of nj , ℓ |nj — we can show that there are no
possible fiber configurations for all ℓ ≥ 10.
In the following, we will see that (3), and its strong
limitations on gauge groups G/Z in F-theory, can also
be derived from purely field-theoretical arguments.
III. MIXED ANOMALY FOR CENTER
SYMMETRIES IN 8D SUPERGRAVITY
Let G =
∏
iGi be a non-Abelian group, where Gi are
simple simply-connected Lie groups with algebra gi. In
8d N = 1, the gauge potential Ai, with field strength Fi,
of the (0-form) gi gauge symmetry comes in a vector mul-
tiplet with adjoint fermions. There are no other massless
charged matter states, so at low energies one expects a
discrete Z(G) =
∏
i Z(Gi) 1-form symmetry [15]. More-
over, since the only massless fermions transform in a real
representation, there are no pure gauge anomalies.7
Besides the vector multiplets, 8d N = 1 supergravity
contains the gravity multiplet with a 2-form gauge field
B2 as one of its component fields [27]. In the dual for-
mulation where B2 is replaced by a 4-form B4, the most
general Lagrangian contains the coupling [23]∫
M8
∑
i
B4 ∧
1
2Tr(Fi ∧ Fi) , (4)
where the trace is normalized such that the instanton
density I4(Gi) =
∫
M4
1
2Tr(Fi∧Fi) = 1 for a one-instanton
configuration of a Gi-bundle over a 4-manifold M4. Due
to this coupling, the partition function generally van-
ishes for topologically non-trivial instanton configura-
tions when integrating over flatB4 ∈ H4(M8,R/Z), anal-
ogous to configurations in 6d discussed in [19, 28]. This
can be cured by including the electrically charged objects
forB4, similar to a tadpole cancellation condition, as long
as the required charges for the objects are integers.
6 This identification, as well as for ℓ = 7, is up to reordering the
fibers and exchanging ki ↔ −ki ≡ ni − ki, which geometrically
corresponds to the two different ways of going around the loop
of the Ini fiber.
7 See also [24] for a discussion of continuous anomalies including
gravity.
The center 1-form symmetry of Gi can be coupled to
a 2-form background gauge field C
(i)
2 which takes val-
ues in Z(Gi). When C
(i)
2 is non-trivial, it twists the
Gi-bundle into a Gi/Z(Gi)-bundle with second Stiefel–
Whitney class w2(Gi/Z(Gi)) = C
(i)
2 [15, 16]. This twist
leads to a contribution to (4),
I4(Gi/Z(Gi)) ≡ αGiP
(
C
(i)
2
)
mod Z , (5)
with P the Pontryagin square. The contribution is in
general fractional due to the coefficients αGi derived in
[17], which we reproduce here:
Gi Z(Gi) αGi
SU(n) Zn
n−1
2n
Sp(n) Z2
n
4
Spin(2n+ 1) Z2
1
2
Spin(4n+ 2) Z4
2n+1
8
Spin(4n) Z
(L)
2 × Z
(R)
2
(
n
4 ,
1
2
)
E6 Z3
2
3
E7 Z2
3
4
Analogous to the situation in 6d [19], the coupling (4)
combines this fractional instanton configuration with a
large U(1) transformation B4 → B4+b4, with b4 a closed
4-form with integer periods, into a phase 2πiA(b4, C
(i)
2 )
for the partition function, with
A(b4, C
(i)
2 ) =
∑
i
αGi
∫
M8
b4 ∪P(C
(i)
2 ) . (6)
For arbitrary b4, the integral
∫
M8
b4∪P(C
(i)
2 ) ∈ Z cannot
in general absorb the denominator of αGi , thus leading
to a non-trivial phase.
Regarding the 8d theory as living on the boundary
∂M9 = M8 of a 9d bulk M9, this shift is the boundary
contribution of a 9d action of the form
S9d = 2π
∑
i
αGi
∫
M9
h5 ∪P(C
(i)
2 ) , (7)
where C
(i)
2 are extensions to the 9d bulk and h5 is a 5-
cochain which shifts by b5 under transformations, where
b5|∂M9 restricts to b4. On closed M9 with h5 a 5-cocycle,
this generally integrates to non-trivial values, which by
arguments in [18] shows that there cannot be an 8d topo-
logical sector canceling the shift. Furthermore, by gen-
eralizing the arguments presented in [19], the electrically
charged objects for B4 would acquire a fractional charge
in the non-trivial background of C
(i)
2 if
∑
i αGi P(C
(i)
2 ) is
not an integral cocycle. Since this violates charge quan-
tization, the fractional shift (6) cannot be compensated
and can be understood as an anomaly between the large
4U(1) transformations of B4 and the center 1-form sym-
metries. As the former symmetry is gauged, one cannot
allow for background fields C
(i)
2 where (6) is non-trivial.
Note, however, that several gauge factors can conspire
in a way that a combination of the individual center sym-
metries becomes free of the anomaly (6). Assuming that
there are no other obstructions to switch on a background
for this subgroup Z of the center, this anomaly-free com-
bination should be gauged, in line with common lore that,
in quantum theories of gravity, no global symmetries (in-
cluding discrete and higher-form symmetries) are allowed
[29]. This would then lead to the gauge group G/Z.
A. Condition for anomaly-free center symmetries
In the following, we will discuss how to determine sub-
groups Zℓ ∼= Z ⊂ Z(G), for which a 1-form symmetry
background has no fractional contribution (6) — a nec-
essary condition to gauge Z.
Let Z(G) =
∏s
i=1 Zni , and (k1, ..., ks) ∈
∏s
i=1 Zni be
the generator for Z ∼= Zℓ. This necessarily means that ℓ
is the smallest integer such that kiℓ ≡ 0 mod ni for all i.
The generic background field for the Z(G) 1-form sym-
metry consists of backgrounds C
(i)
2 for each Zni factor
of Z(G). Specifying a background for a subgroup then
amounts to correlate the a priori independent C
(i)
2 ’s [17].
In particular, the background C2 for Zℓ = 〈(k1, ..., ks)〉
corresponds to setting C
(i)
2 = kiC2.
For concreteness, let us further assume G =∏s
i=1 SU(ni). Then, the total contribution to the anoma-
lous phase (6) in the presence of the background field C2
of the Zℓ subgroup is
A(b4, C
(i)
2 ) =
(
s∑
i=1
ni − 1
2ni
k2i
)∫
M8
b4 ∪P(C2) , (8)
where it is crucial that P(kC) = k2P(C). Thus, the
anomaly vanishes if the coefficient is integral.
Note that the anomaly contribution of non-SU groups
can be written as a sum of contributions from SU(n)-
subgroups [17]. Therefore, by further restricting our-
selves to rank(G) ≤ 18 (which is the bound in 8d
from other quantum gravity arguments [6]), we can ex-
haustively scan for all possible groups G that have an
anomaly-free Zℓ ⊂ Z(G) with given ℓ, by finding s pairs
of integers (ni, ki) such that
s∑
i=1
ni − 1
2ni
k2i ∈ Z , with ki · l ≡ 0 mod ni . (9)
This precisely reproduces the geometrical constraint for
elliptically fibered K3 manifolds with only In singularities
in (3), thus leading to the same restrictions, e.g., G =
SU(7)3 for ℓ = 7 and no solutions for prime powers ℓ ≥ 9.
B. Examples of anomaly-free centers
To further showcase the constraining power of the field-
theoretic anomaly argument (6), we remark that it im-
mediately implies that an 8d N = 1 supergravity with
G/Z(G) gauge group, where G is a simple Lie group, is
not consistent unless G = Sp(n) with n a multiple of 4.
In total, with rank(G) ≤ 18, the only G/Z theories,
with a single simple factorG, that are free of the anomaly
(6), are
SU(16)
Z2
,
SU(18)
Z3
,
Spin(32)
Z2
,
Sp(4)
Z2
,
Sp(8)
Z2
,
SU(8)
Z2
,
SU(9)
Z3
,
Spin(16)
Z2
,
Sp(12)
Z2
,
Sp(16)
Z2
.
(10)
The first line of theories correspond to the only cases
with simple G realizable via F-theory on elliptic K3s.
The second line of theories fits into holonomy reductions
of the 9d CHL string [30]. Thus, we see that the anomaly
arguments are compatible with other possible string con-
structions of 8d N = 1 theories.
On the other hand, the two examples in the last line
do not have known string constructions. They point to-
wards other, more subtle field theoretic constraints that
go beyond the mixed anomaly (6), which we will discuss
momentarily.
IV. DISCUSSION AND OUTLOOK
In this work we have provided strong evidence
for String Universality for non-simply-connected non-
Abelian gauge groups G/Z in eight dimensions. The
key idea is to interpret a G/Z gauge theory as having
gauged a subgroup Z of the center 1-form symmetry. Uti-
lizing a subtle interplay between these discrete 1-form
symmetries and large gauge transformations of higher-
form fields of the gravity multiplet, we have found a non-
removable anomalous phase of the partition function in
the presence of a 1-form symmetry background. A sub-
group Z can only be gauged if the phase vanishes in the
presence of a Z background, thus allowing for a group
G/Z.
This restriction is heavily constraining, and rules out
almost all 8d theories without known string construc-
tions. Moreover, we find a beautiful agreement between
the cancellation condition for this anomaly and geomet-
ric properties of elliptic K3 surfaces, which are known
to control the global structure of the gauge group in 8d
F-theory compactifications. Therefore, the anomaly pro-
vides a purely physical explanation for the intricate pat-
terns of realizable non-trivial gauge groups in F-theory.
However, there are outlier theories free of this anomaly,
which nevertheless have no known string construction.
5As already mentioned above, the gauge groups Sp(12)
Z2
and Sp(16)
Z2
fall into this category. One plausible explana-
tion could be that Sp groups in 8d are somehow special
[7]8, and therefore come with additional consistency con-
straints.
More generally, any product G1
Z1
× G2
Z2
of anomaly-free
factors would again be anomaly-free. For example, this
would lead to an acceptable gauge group [SU(5)2/Z5]×
[SU(2)4/Z2] = [SU(5)
2 × SU(2)4]/Z10, which has no
known string realization. Observe, in particular, that
this would violate the bound ℓ < 9 for possible Zℓ. In
F-theory, the geometry of K3 guarantees that one always
has an SU(n) factor with ℓ |n.
Currently, we do not know an adequate physical argu-
ment that can exclude such products, and also enforce
the existence of an appropriate SU(n) factor. However,
it is clear that there are other geometric constraints for
K3s that have not yet been translated into purely field
theoretic arguments. In the spirit of the Swampland pro-
gram, the structure of these geometric constraints could
point towards further subtle interplay between quantum
field theory and gravity.9
Specifically, there could be other discrete symmetries
of the theory that interact non-trivially with 1-form cen-
ter symmetries. For example, it has been pointed out
[31] that the gauge symmetry of the E8 × E8 heterotic
string should be augmented by an outer automorphism
Z2 which exchanges the two factors, so that the gauge
group is (E8 ×E8)⋊ Z2. In fact, the 9d CHL string can
then be understood as the S1-reduction with holonomies
in this Z2. Such an identification would also be possible
for, e.g., [SU(2)4/Z2]× [SU(2)
4/Z2], which in 8d is free
of the anomaly (6), but not realized in terms of a string
compactification. If one could establish other field theory
/ Swampland arguments for why the Z2 outer automor-
phism must be gauged in this case, then there could be
other mixed anomalies involving the 1-form symmetries
such that only a diagonal Z2 center survives, leading to
an [SU(2)8]/Z2 theory which is realized in F-theory.
Moreover, taking inspiration from the Standard Model
gauge group, one could envision that U(1)s play a cen-
tral role here. Namely, for G1
Zℓ
× G2
Zm
with ℓ and m co-
prime, it may be that other field theory mechanisms en-
forces the presence of a U(1), into which the product
Zℓ × Zm = Zℓm embeds, so that the full gauge group is
actually [G1×G2×U(1)]/Zℓm. Such a theory would not
be in contradiction to F-theory models, as center symme-
tries embedded in U(1)s are generally encoded in the free
part of the Mordell–Weil group [11] (see [32] for direct
implications for 4d particle physics models). Moreover,
in 8d F-theory, there are additional U(1) factors com-
ing from harmonic (1, 1)-forms on K3s that are not divi-
sors, whose center-mixing with non-Abelian gauge factors
needs further investigation. To complete the geometric
picture from the field theoretic side, one must also extend
the discussion of the anomalies to include U(1) gauge sec-
tors, which we defer to future studies.
Finally, it would be exciting to compare and combine
these ideas with other quantum gravity criteria. This
could be a milestone towards completely draining the 8d
Swampland.
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